Math Ma Midterm Review Fall 2016

1. Below is the graphs of two functions. The left graph is f and the right one is g. Find
the following values.

(Limits)
(a) lim f(z) (b) f(-=2)
(¢) lim f(z) (d) lim g(z)

. - flz) -1
(e) lim [f(z) + g(x)] (Dg%aaig

. flx) = f(=2) _flx) = f(2)
(&) Mim =——%— ) ==

(Continuity)
(i) Find all the discontinuities of f and use the limit definition to specify their types.

(j) Find all the points at which f is continuous but not differentiable. And find all
the points at which f is differentiable but not continuous.

(Differential Rules)
(k) Find the value of £[f(z) - g(z)] at z = 0.

322 + 2
(1) Compute the derivative of h(x) = i—:_l :




2. (Continuity and Differentiation) Let f be the function defined by

1 for z > 1
f(x)_{ax+b forx <1

(a) For what values of a and b will f be continuous at x = 17

(b) For what values of a and b will f be differentiable at = 17

3. (Graph transformation) Below is the graph of f(z). Sketch the following functions.

(@) flz+2)+1 (b) 2f(0.52)

(Think of a way to check whether your answer is correct or not.)



4. (Graph and derivative) For the following graphs, first sketch the graph of its deriva-
tive and then sketch the graph of its anti-derivative.

(a) . (b)
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co N O Ot

. (Modeling) cf. Fall 2011 #1
. (Linear Approximation) cf. Fall 2011 #2
. (Piecewise linear functions) ...

. (Even and odd functions) ...



Midterm Review — Solutions

(a) 2

(b) 1

(c) Does not exist.

(d) Does not exist. (c0)

(e) O

(f) —3

(g) Does not exist.

(h) —3

(i) x = —2 is a removable discontinuity as lim,_, o f(z) =2 but f(-2)=1. z = —1

is a jump discontinuity as lim, , 1+ f(z) =0 # 1 = lim, , - f(2).
(j) At x =1, f(z) has a corner, so it is continuous but not differentiable. There is

no point where f is differentiable but no continuous since differentiability implies
continuity.

(k) We have the product rule,
[f(x) - g(@)] = f'(x) - g(x) + f(x) - g'(x)

Hence

(f9)'(0) = f(0)g(0) + f(0)g'(0) =1+ (=2) + 1 - (-2) = —4

(1) We use the quotient rule to compute h'(x):
(6z) (x+1)— (322 +2)-1 622462 —32>—2 322 +6x—2
(x+1)? T @12 (@ 1p
(a) We see that lim, ,;+ f(z) =1 and lim,_,;- f(x) = a+b. Thus f(x) is continuous
at x = 1 whenever a +b = 1.
(b) For f(x) to be differentiable at x = 1, it has to be continuous first of all, so we

B (z) =

have a + b = 1. Then we need the limit lim,_; % to exist. For the right
limit, lim, i+ % = derivative of i at © = 1. Since (%)/ = —x%, the right
limit is —1. For the left limit, lim,_,;- % = a. Thus we have a = —1 and

b=1—a=2.

3. (a) (b)
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4. (a)

The graph of t
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he derivative

The graph of t

4 4

he anti-derivative

(b)
The graph of t
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he derivative

The graph of t
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